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1. INTRODUCTION
The problem of the stability of functional equations was originally stated
 	  	by Ulam 23 . In 11 , D. H. Hyers proved the stability of the linear
functional equation for the case when G and G are Banach spaces, and1 2
 	the result of Hyers was further generalized by Rassias 20 . Since then, the
stability problems of functional equations have been extensively investi-
Ž 	  	  	  	  	  	  	  	gated by a number of mathematicians 8 , 9 , 10 , 12 , 13 , 14 , 15 , 16 ,
 	  	.17 , and 19 .
Ž . 2 Ž .The quadratic function f x  cx x
 R satisfies the functional equa-
tion
f x y  f x y  2 f x  2 f y . 1.1Ž . Ž . Ž . Ž . Ž .
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Hence this equation is called the quadratic functional equation, and every
Ž .solution of the quadratic equation 1.1 is called a quadratic function. It is
well known that a function f : E  E between vector spaces is quadratic1 2
if and only if there exists a unique symmetric function B : E  E  E1 2 2
Ž . Ž .that is additive in x for each fixed y such that f x  B x, x for any
Ž  	.x
 E see 1 .1
A HyersUlam stability theorem for the quadratic functional equation
Ž .  	1.1 was proved by Skof 22 for functions f : E  E , where E is a1 2 1
 	normed space and E is a Banach space. Cholewa 4 noticed that the2
theorem of Skof is still true if the relevant domain E is replaced by an1
 	abelian group. In 5 , Czerwik proved the HyersUlamRassias stability of
the quadratic functional equation. This result was generalized by Rassias
 	  	  	  	18 , Borelli and Forti 3 , and Czerwik and Dlutek 6 and 7 .
Consider the following functional equations:
f x y z  f x y  f y z  f x zŽ . Ž . Ž . Ž .
 3 f x  3 f y  3 f z 1.2Ž . Ž . Ž . Ž .
and
n n
f x  f x  x  n f x 1.3Ž . Ž . Ž .Ý Ý Ýi i j iž /
i1 1ijn i1
 	for any integer n 2. Recently, the first author 2 investigated the
Ž .generalized HyersUlamRassias stability of Eq. 1.2 and the HyersUlam
Ž .stability of Eq. 1.2 on bounded domains. In the next section we discuss
the stability problems connected with the functional inequality
n n
f x  f x  x  n f x   x , x , . . . , x .Ž . Ž . Ž .Ý Ý Ýi i j i 1 2 nž /
i1 1ijn i1
2. GENERALIZED HYERSULAMRASSIAS STABILITY
Ž .OF EQUATION 1.3
Ž  .Throughout this section, let E ,  be a real normed space and let1
Ž  .E ,  be a Banach space. Let N and R denote the set of positive2
integers and of real numbers, respectively. Let k be an integer with k 2.
 .Let  : E  E . . . E  0, denote a function such that either1 1 1  
n 
2 i i i i x , x , . . . , x  k  k x , k x , . . . , k x   2.1Ž . Ž .Ž .Ýk 1 2 n 1 2 n
i0
HYERSULAMRASSIAS STABILITY 185
for all x , x , . . . , x 
 E , or1 2 n 1
 x x x1 2 n2Ž i1.˜ x , x , . . . , x  k  , , . . .   2.2Ž . Ž .Ýk 1 2 n i1 i1 i1ž /k k ki0
for all x , x , . . . , x 
 E .1 2 n 1
For convenience, we use the following abbreviations:
n n
Df x , x , . . . , x  f x  f x  x  n f x .Ž . Ž . Ž .Ý Ý Ý1 2 n i i j iž /
i1 1ijn i1
We assume that the function f : E  E satisfies the inequality1 2
Df x , x , . . . , x   x , x , . . . , x 2.3Ž . Ž . Ž .1 2 n 1 2 n
Ž .for all x , x , . . . , x 
 E . We define a real sequence b by1 2 n 1 i
b  1, b  2 and b  2b  b i 3 .Ž .1 2 i i1 i2
We introduce two lemmas before we prove the generalized Hyers
Ž .UlamRassias stability of Eq. 2.3 .
LEMMA 2.1. Under the foregoing assumptions, the inequality
2 2f kx  k f x  k  1 f 0Ž . Ž . Ž . Ž .
k1
 b  k i x , x , 0, . . . , 0   0, 0, 0, . . . , 0 2.4Ž . Ž . Ž .Ž .Ý i
i1
holds true for any x
 E and all integers k 2.1
Proof. We use induction on k to prove our statement. First, we claim
that
2f 2 x  2 f x  3 f 0   x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž . Ž . Ž . Ž .
Ž .for all x
 E . Setting x  x  x    x  0 in 2.3 gives1 1 2 3 n
2n  n 2
f 0   0, 0, 0, . . . , 0 .Ž . Ž .
2
Ž .Putting x  x  x and x  x    x  0 in 2.3 yields1 2 3 4 n
2n  n 8
f 2 x  4 f x  f 0   x , x , 0, . . . , 0 .Ž . Ž . Ž . Ž .
2
BAE AND JUN186
By the foregoing two inequalities, we have
2n  n 8
f 2 x  4 f x  3 f 0  f 2 x  4 f x  f 0Ž . Ž . Ž . Ž . Ž . Ž .
2
2n  n 2
 f 0Ž .
2
  x , x , 0, . . . , 0   0, 0, 0, . . . , 0 .Ž . Ž .
Thus our main assertion is true for k 2. Now we make the induction
Ž .hypothesis that 2.4 is true for some k 2 and all x
 E . We have1
2 2f k 1 x  k 1 f x  k 1  1 f 0Ž . Ž . Ž . Ž . Ž .Ž . Ž .
2n  n 2
 f 0Ž .
2
 f k 1 x  f k 1 x  2 f kxŽ . Ž . Ž .Ž . Ž .
2n  n 6
2 f x  f 0Ž . Ž .
2
2 2 2 f kx  2k f x  2 k  1 f 0Ž . Ž . Ž . Ž .
2 2 k 1 f x  f k 1 x  k 1  1 f 0Ž . Ž . Ž . Ž . Ž .Ž . Ž .
  0, 0, 0, . . . , 0   kx , x , 0, . . . , 0Ž . Ž .
k1
 2b  k i x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .Ý i
i1
k2
 b  k i 1 x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .Ý i
i1
  0, 0, 0, . . . , 0   kx , x , 0, . . . , 0Ž . Ž .
2b  k 1 x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .1
k
 2b  k i 1 x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .Ý i1
i3
k
 b  k i 1 x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .Ý i2
i3
k
 b  k i 1 x , x , 0, . . . , 0   0, 0, 0, . . . , 0 ,Ž . Ž .Ž .Ý i
i1
which completes the induction proof.
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LEMMA 2.2. Under the gien assumptions, the inequality
m
m 2 m 2 2Žmi.f k x  k f x  k  1 f 0 kŽ . Ž . Ž . Ž . Ý
i1
m1 k1
2Ž m1i. i i k b  k j k x , k x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .Ý Ý j
i0 j1
is true for some integer k 2, for any x
 E and all m
N.1
Proof. By induction on m, we prove the assertion. In view of Lemma
2.1, the assertion is true for m 1. Now we assume that the assertion is
true for some m. Using Lemma 2.1 again, we obtain
m1
m1 2Žm1. 2 2Žm1i.f k x  k f x  k  1 f 0 kŽ . Ž . Ž . Ž . Ý
i1
m1 2 m 2 f k x  k f k x  k  1 f 0Ž . Ž . Ž . Ž .
m
2 m 2 m 2 2Žmi. k f k x  k f x  k  1 f 0 kŽ . Ž . Ž . Ž . Ý
i1
k1
m m b  k j k x , k x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .Ý j
j1
m1 k1
2Ž mi. i i k b  k j k x , k x , 0, . . . , 0Ž .Ž .Ý Ý j
i0 j1
 0, 0, 0, . . . , 0Ž .
m k1
2Ž mi. i i k b  k j k x , k x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .Ý Ý j
i0 j1
as desired.
In the next theorem, we prove the stability of the quadratic equation
Ž . Ž .1.3 for the case of  x , x , . . . , x   for all x , x , . . . , x 
 E . Wek 1 2 n 1 2 n 1
can prove the theorem for the other case similarly, and hence we omit the
˜ Ž .proof of the theorem for  x , x , . . . , x   for all x , x , . . . , x 
 E .k 1 2 n 1 2 n 1
THEOREM 2.3. Assume that a function f : E  E satisfies the inequality1 2
˜Ž . Ž .2.3 for all x , x , . . . , x 
 E . If  x , x , . . . , x   for all1 2 n 1 k 1 2 n
Ž .x , x , . . . , x 
 E , then we further assume that f 0  0. There exists a1 2 n 1
unique quadratic function Q : E  E satisfying1 2
1
Q x  f x  f 0   x 2.5Ž . Ž . Ž . Ž . Ž .k2k
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Ž Ž . .for all x
 E when  x , x , . . . , x   for all x , x , . . . , x 
 E or1 k 1 2 n 1 2 n 1
1 ˜Q x  f x   xŽ . Ž . Ž .k2k
˜Ž Ž . .for all x
 E when  x , x , . . . , x   for all x , x , . . . , x 
 E ,1 k 1 2 n 1 2 n 1
where
 x  b  k 1 x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž . Ž .Ž .k 1 k k
 b  k 2 x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .2 k k
 b  x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .k k k
and
˜ ˜ ˜ x  b  k 1 x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž . Ž .Ž .k 1 k k
˜ ˜ b  k 2 x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .2 k k
˜ ˜ b  x , x , 0, . . . , 0   0, 0, 0, . . . , 0 .Ž . Ž .k k k
Ž .If , moreoer, f is measurable or f tx is continuous in t
 R for eery fixed
x
 E , then the Q satisfies1
Q tx  t 2 Q x 2.6Ž . Ž . Ž .
for all x
 E and t
 R.1
Proof. It follows from Lemma 2.2 that
m1 1
m 2f k x  f x  k  1 f 0Ž . Ž . Ž . Ž . Ý2 m 2 ik ki1
m1 k11 1
i i b  k j k x , k x , 0, . . . , 0   0, 0, 0, . . . , 0 .Ž . Ž .Ž .Ý Ý j2 2 ik ki0 j1
2.7Ž .
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 2 m Ž m .4First, we show that k f k x is a Cauchy sequence. Let l and m be
Ž . Ž .integers with m l 0. Then, by 2.7 and 2.1 , we see that
1 1
m lf k x  f k xŽ . Ž .2 m 2 lk k
ml1 1 1
m l l l 2 f k k x  f k x  k  1 f 0Ž . Ž . Ž . Ž . Ý2 l 2Žml . 2 ik k ki1
m 1
2 k  1 f 0Ž . Ž . Ý 2 ikil1
ml1 k11 1 1
i k l i l b  k j k x , k k x , 0, . . . , 0Ž .Ž .ŽÝ Ý j2 l 2 2 ik k ki0 j1
m 1
2 0, 0, 0, . . . , 0  k  1 f 0Ž . Ž . Ž .. Ý 2 ikil1
m1 k11 1
i i b  k j k x , k x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .Ž .Ý Ý j2 2 ik kil j1
1
 f 0Ž .2 lk
 0 as l .
Because E is a Banach space, we may define a function Q : E  E by2 1 2
1
mQ x  lim f k xŽ . Ž .2 mkm
Ž .for any x
 E . By the definition of Q and 2.7 , we can easily verify the1
Ž .validity of the inequality 2.5 .
Ž . m m mBy replacing x , x , . . . , and x in 2.3 by k x , k x . . . , and k x ,1 2 n 1 2 n
2 m Ž .respectively, and dividing the resulting inequality by k and using 2.1 ,
we get
n n1 1 n
m m mf k x  f k x  x  f k xŽ . Ž .Ž .Ý Ý Ýi i j i2 m 2 m 2 mž /k k ki1 1ijn i1
1
m m m  k x , k x , . . . , k x  0 as m ,Ž .1 2 n2 mk
which implies that Q is a quadratic function.
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Now let Q : E  E be another quadratic function that satisfies the1 2
Ž .inequality 2.5 . Because Q and Q are quadratic functions, we can easily
show that
Q k m x  k 2 mQ x and Q k m x  k 2 mQ x 2.8Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž .for any m
N. Thus, it follows from 2.8 , 2.5 , and 2.1 that
Q x Q xŽ . Ž .
1
m m Q k x Q k xŽ . Ž .2 mk
1
m m Q k x  f k x  f 0Ž . Ž . Ž .Ž2 mk
m m f k x Q k x  f 0Ž . Ž . Ž . .
2 1
m  k x  0 as m ,Ž .k2 m 2k k
Ž . Ž .which implies that Q x Q x for all x
 E .1
Ž . Ž .Finally, it can be proved that 2.6 is true if f is measurable or f tx is
Ž  	.continuous in t
 R for each fixed x
 E cf. 5 .1
In the following corollary, we prove the HyersUlam stability of Eq.
Ž .1.3 .
COROLLARY 2.4. If a function f : E  E satisfies the functional in-1 2
equality
Df x , x , . . . , x   2.9Ž . Ž .1 2 n
for some  0 and for all x , x , . . . , x 
 E , then there exists exactly one1 2 n 1
quadratic function Q : E  E such that1 2
2 2
Q x  f x    2.10Ž . Ž . Ž .ž /3 n 2 n 1Ž . Ž .
Ž .for all x
 E . Moreoer, if f is measurable or f tx is continuous in t
 R for1
Ž .each fixed x
 E , then the Q satisfies 2.6 for all x
 E and t
 R.1 1
Ž . Ž .Proof. If we put  x , x , . . . , x   , then  satisfies condition 2.11 2 n
for k 2. Hence it follows from Theorem 2.3 that there exists a unique
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quadratic function Q : E  E such that1 2
Q x  f x  f 0Ž . Ž . Ž .
1
  x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .2 222
 1
2 i i i 2 i 2  2 x , 2 x , 0, . . . , 0  2  0, 0, 0, . . . , 0Ž . Ž .Ý Ý2 ž /2 i0 i0
 1  
 Ý Ý2 2 i 2 iž /2 2 2i0 i0
1
 22   .1 3
1
4
 Ž . 2Because we get f 0  2n  n 2 by putting x  x    x 1 2 n
Ž . Ž .0 in 2.9 , we see that the inequality 2.10 is true. The remaining part of
 	the theorem can be easily proved similar to the proof of Theorem 1 in 4 .
Hence we omit the proof here.
Similarly, as in the proof of Corollary 2.4, the HyersUlamRassias
Ž .stability for Eq. 1.3 is proved.
COROLLARY 2.5. If a function f : E  E satisfies the functional in-1 2
equality
p p p     Df x , x , . . . , x   x  x   x 2.11Ž . Ž .Ž .1 2 n 1 2 n
for some  0, p with 0 p 2 and for all x , x , . . . , x 
 E , then there1 2 n 1
exists a unique quadratic function Q : E  E such that1 2
2 p Q x  f x  x 2.12Ž . Ž . Ž .p4 2
Ž .for all x
 E . Moreoer, if f is measurable or f tx is continuous in t
 R for1
Ž .each fixed x
 E , then the Q satisfies 2.6 for all x
 E and t
 R.1 1
Ž . Ž  p   p   p.Proof. If we put  x , x , . . . , x   x  x   x ,1 2 n 1 2 n
Ž .then  satisfies condition 2.1 for k 2. Hence it follows from Theorem
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2.3 that there exists a unique quadratic function Q : E  E such that1 2
Q x  f x  f 0Ž . Ž . Ž .
1
  x , x , 0, . . . , 0   0, 0, 0, . . . , 0Ž . Ž .2 222
 1
2 i i i 2 i 2  2 x , 2 x , 0, . . . , 0  2  0, 0, 0, . . . , 0Ž . Ž .Ý Ý2 ž /2 i0 i0
1 p p2 i i i    2  2 x  2 xŽ .Ý22 i0
2 pŽ p2. i   2  xÝ22 i0
2
 24 p p    x  x .pp2 4 21 2
 Ž . Ž .Because we get f 0  0 by putting x  x    x  0 in 2.11 , we1 2 n
Ž .see that the inequality 2.12 is true. The remaining part of the theorem
 	can be easily proved as in the proof of Theorem 1 in 5 . Hence we omit
the proof here.
Ž .COROLLARY 2.6. If a function f : E  E satisfies the inequalities 2.111 2
for some p 2 and for all x , x , . . . , x 
 E , then there exists a unique1 2 n 1
quadratic function Q : E  E such that1 2
2 p Q x  f x  xŽ . Ž . p2  4
Ž .for all x
 E . If , in addition, f is measurable or f tx is continuous in t
 R1
Ž .for each fixed x
 E , then the quadratic function Q satisfies 2.6 for all1
x
 E and t
 R.1
Ž . Ž  p   p   p.Proof. Because  x , x , . . . , x   x  x   x sat-1 2 n 1 2 n
Ž .isfies condition 2.1 with k 2, it follows from Theorem 2.3 that the
corollary can be easily proved.
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